Abstract. Iterated function systems have been most extensively studied when the functions are affine transformations of Euclidean space and, more recently, projective transformations on real projective space. This paper investigates iterated function systems consisting of Möbius transformations on the extended complex plane or, equivalently, on the Riemann sphere. The main result is a characterization, in terms of topological, geometric, and dynamical properties, of Möbius iterated function systems that possess an attractor. The paper also includes results on the duality between the attractor and repeller of a Möbius iterated function system.
Introduction
Iterated function systems (IFSs) are a standard framework for describing and analyzing self-referential sets such as deterministic fractals [3, 9, 13] and some types of random fractals [5] . Most of the examples of iterated function systems in the literature consist of affine functions defined on Euclidean space [1] . Attractors of affine IFSs have many applications, including image compression [4, 10] and geometric modeling [7] . They relate to the theory of the joint spectral radius [6] and to wavelets [11] . Recently, a rich theory has been developed for IFSs consisting of projective transformations defined on real projective space [2] . The intuition developed for affine IFSs concerning the behavior of attractors seems not to extend to the projective setting. This paper concerns Möbius IFSs. A Möbius IFS consists of Möbius transformations on the extended complex plane, equivalently on the Riemann sphere, or equivalently consisting of complex projective transformations on the complex projective line. Iteration by the action of a group of Möbius transformations on the complex plane has been nicely explored, in a recreational, but mathematically serious, manner in [16] .
The main result of this paper is a characterization of iterated function systems that possess an attractor. The characterization involves topological, geometric, and dynamical properties of the IFS as explained briefly in the paragraphs following the statement of the theorem below. The second theorem describes the duality between the attractor and repeller of a Möbius IFS. Figure 1 shows the attractor and repeller, on the Riemann sphere, of a Möbius IFS given in Example 7.4 of section 7. In the theorem below, X denotes the closure of a subset X of the extended complex plane C.
Theorem 1.1. For a Möbius IFS F , the following conditions are equivalent:
(1) F has an attractor A = C, (2) F has a repeller R = C, of the Möbius group are described-as the action on the extended complex plane, as the action on the Riemann sphere via stereographic projection, and as the action of P SL(2, C) on the complex projective line. There is another viewpoint, as the action of the Lorentz group on the celestial sphere in Minkowski space. Although this action is not used in this paper, we describe it briefly in section 8 because of related papers in the literature on "quantum" iterated function systems.
The attractor of a Möbius IFS is a compact subset of C, the definition and some properties of which are given in section 3. It is possible that the attractor of an IFS is all of C; an example of a Möbius IFS with this property is given in that section. The definition and some properties of the repeller and the adjoint attractor are provided in section 5. The proof of the equivalence of statements (1) and (2) of Theorem 1.1 and the proof of Theorem 1.2 also appear in that section.
Concerning statements (3) and (4) in Theorem 1.1, a key issue is the relationship between the existence of an attractor and the contractive properties of the functions in the IFS. Topologically contractive in statement (3) means that each function in F takes U into U . The proof of (1) ⇒ (3) appears in section 3. It is a classical result of Hutchinson [13] that, if an IFS F consists of contractions on a complete metric space, then F has an attractor. Contractive in statement (4) means that each function in F is a contraction. Hence Hutchinson's result guarantees that (4) ⇒ (1). It is also proved in section 3 that an IFS F with an attractor A = C must be loxodromic, in the sense that all compositions of functions in F must be loxodromic transformations. This is used to prove the uniqueness of the attractor as stated in Theorem 1.1.
The proof of (3) ⇒ (4) appears in section 4. What is somewhat subtle is that the metric with respect to which the functions in F are contractions is not a standard metric. It is not the Euclidean metric on the complex plane C nor the chordal metric on the Riemann sphere. On the open set U the metric is defined by
Examples of this metric for some sets U are given in section 4. Figure 2 illustrates the formula above for the distance between two given points when U is a disk. The set R(F ) of chain-recurrent points of an IFS F is introduced in section 6. The equivalence of statements (1) and (5) is proved in that section, which completes the proof of Theorem 1.1.
Section 7 contains several examples of attractors of Möbius IFSs. The final section 9 poses an open problem concerning a property of a Möbius IFS that we call strong loxodromy. Strong loxodromy is defined in terms of the eigenvalues of the functions in the IFS. The conjecture is that F is strongly loxodromic if and only if the five conditions in Theorem 1.1 hold.
Extended complex plane, Riemann sphere, projective line
This section contains basic notions related to three essentially equivalent spaces: the Riemann sphere S, the extended complex plane C := C ∪{∞}, and the complex projective line CP 1 . The complex projective line CP 1 is the quotient of C 2 \ {0} by the equivalence relation (z 0 , z 1 ) ∼ (λz 0 , λz 1 ) for any nonzero λ ∈ C. Let φ : topologically a sphere. The mapping
takes the complex projective line bijectively onto the extended complex plane, and the extended complex plane is in bijection with the Riemann sphere S via stereographic projection; explicitly
where S is considered as the unit sphere centered at the origin in R 3 . Subsequently in this paper, we move interchangeably between S, C, and CP 1 . Denote by |z − w| the Euclidean metric for z, w ∈ C and by d c (z, w) the chordal metric between z, w ∈ S, where the points denoted z and w in C and in S are related by stereographic projection. If z, w ∈ C are contained in a disk of radius R centered at the origin, then
showing that the Euclidean metric and the chordal metric are Lipschitz equivalent on the disk and, in particular, induce the same topology there. A dimension 1 projective transformation is an element of P GL(2, C) =P SL(2, C), the quotient of the general linear group GL(2, C) by the complex multiples of the identity matrix. Each element f ∈ P SL(2, C) induces a well-defined map f :
In particular, for any projective transformation f : 
A loxodromic transformation f has two fixed points: an attractive fixed point denoted z f at which |f (z f )| < 1 and a repelling fixed point denoted z f at which |f (z f )| > 1 .
The attractor of a Möbius IFS
In this section, after giving the definition of an attractor of an IFS, the implication (1) ⇒ (3) in Theorem 1.1 is proved. The notion of a loxodromic IFS is defined, and we prove that an IFS with an attractor A = C must be loxodromic. To define the attractor of an IFS, first define
for any B ⊂ X. By slight abuse of terminology, we use the same symbol F for the IFS, the set of functions in the IFS, and for the above mapping. For B ⊂ X, let
there is a corresponding metric d H , called the Hausdorff metric, on the collection H(X) of all nonempty compact subsets of X:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use The largest open set U such that (2) is true is called the basin of attraction for the attractor A of the IFS F. Example 3.3. It is possible that the attractor of a projective IFS on C is C itself. This is the case for
where θ/π is irrational.
The first condition in Definition 3.2 of attractor holds, just by use of transformation f 0 . Concerning the second condition in the definition of attractor, let z 0 be an arbitrary point in C. The transformations f 1 and f 2 assure that F (z 0 ) contains a point w 0 = 0, ∞. Use the transformations f 0 , f 3 and f 4 (and a little elementary number theory) to see that, for any z on the line {z | arg(z) = arg(w 0 )} and any ε > 0, there is a point w ∈ F k (w 0 ) such that |w − z| < ε for k sufficiently large. Hence there is a point w ∈ F k (z 0 ) such that |w − z| < ε for k sufficiently large. Finally, use the transformations f 0 and f 5 to guarantee that, for any z ∈ C and any ε > 0, there is a point w ∈ F k (z 0 ) such that |w − z| < ε for k sufficiently large.
The notation int(Y ) is used for the topological interior of a set Y and Y for the closure of Y .
Although a similar result is used in the real projective case [2] , we include it here for completeness. 
Theorem 3.5. If a Möbius IFS F on C has an attractor A = C, then there exists an open set U containing A such that
Since each function in F is an open map, O has the properties:
The next part of the proof makes use of the function
To verify that sets O k , k = K − 1, . . . , 1, 0, with these properties exist, first note that property (4) holds for k = K. To verify the properties for all
, and using property (3) we have
We claim that
O k satisfies the properties in the statement of the theorem. By properties (2) and (4) we
Lastly, we show that F is a topological contraction on U :
the first inclusion coming from property (5), the second inclusion because O K = O, the third inclusion from property (4) applied to k = 0, and the last inclusion from the definition of U .
Without loss of generality it may be assumed that each connected component C of U has nonempty intersection with A; otherwise, throw out the components that do not, and note that if C has nonempty intersection with A, then so does F (C). Since the components of U form an open covering of A and A is compact, U has finitely many components.
For an IFS F , let F denote the set of all finite compositions of the functions in F . If each function in F is loxodromic, then F will be called a loxodromic IFS. Proof. Let f ∈ F and F = F ∪ {f }. It is routine to check that if A is an attractor of F with basin of attraction B, then A is also an attractor of F with basin of attraction B. Therefore, to prove statement (1) it is sufficient, without loss of generality, to show that each f ∈ F is loxodromic, and to prove statements (2) and (3), we can, without loss of generality, assume that f ∈ F . We will prove, by contradiction, that F can contain no parabolic or elliptic transformation. Assume that F has attractor A = C and that F contains a parabolic transformation f : C → C. Any parabolic transformation is conjugate (via a Möbius transformation h) to a translation of the form g(z) = hf h −1 (z) = z + 1. Let F h be the IFS obtained from F by conjugating each of its functions by h. Then F h has attractor A = h(A ) = C. The point ∞ ∈ A because, if z 0 is any point in the basin of attraction of A, then ∞ = lim k→∞ g n (z 0 ) ∈ A. Therefore, according to Theorem 3.5, there is a compact set K := U = C such that ∞ ∈ A ⊂ int(K) and F h is a topological contraction on K. Since ∞ ∈ int(K)
Next assume that F has attractor A = C and that F contains an elliptic transformation f . Any elliptic transformation is conjugate (via a projective transformation h) to a projective transformation of the form g(z)
which, on the Riemann sphere centered at the origin in R 3 , is a rotation through the x 3 -axis. By Theorem 3.5 there is a compact set K that is mapped by f into int(K). Therefore g maps h(K) into int(h(K)). Since a rotation is an isometry of the sphere, this is impossible.
By statement (1) of this theorem, the map f is loxodromic. Therefore f has an attractive fixed point z f and a repulsive fixed point z f . Moreover lim n→∞ f n (z) = z f for any z = z f . If z is any point in the basin of attraction of F that is not a fixed point of f , then 
, inducing the same topology as on X, (3) (X, d) is a complete metric space, and (4) for each f ∈ F , the restriction f | X of f to X is a contraction on X with respect to d.
It is a standard result that F contractive on X implies that the function F : H(X) → H(X) is a contraction with respect to the corresponding Hausdorff metric.
Let U be an open subset of C such that U = C. Define a function
and d U (∞, y) is defined by an analogous formula. We claim that d U is a metric on
, and the triangle inequality is easy to check. Also d U (x, x) = 0 for all x ∈ U , and if d U (x, y) = 0, then |z − x| = |z − y| for every z / ∈ U . Since U = C, this is possible only if x = y.
Lemma 4.2. Let c > 0 be a real number, x, y ∈ C, and f a Möbius transformation.
(1) The locus of points C = z ∈ C : Proof. A straightforward calculation suffices to vertify statements (1) and (2). To vertify (3), it is sufficient to show that, if z 1 and z 2 are any points on C such that
But this follows from the invariance of the cross ratio under the Möbius transformation f , i.e.,
In order to generalize distance in the Cayley-Klein disk model of the real projective plane, Hilbert [12] defined a certain metric on convex cones in R n , now referred to as the Hilbert metric. The following examples make it clear that the metric defined by (4.1) and (4.2) is not this Hilbert metric, not even for a disk or a rectangle. However, as is the case for the Hilbert metric, the cross ratio plays an important role for the metric d U , as is made clear in the proof of Lemma 4.2 above and Theorem 4.5 below. A general formula for the distance between two arbitrary points in U is problematic because it involves solving a degree 6 polynomial equation. In general, the points z that maximize in formula (4.1) do not lie on the line joining the two points. This is illustrated in Figure 2 . Even for the disk, the metric d U is not the Hilbert metric associated with a 2-dimensional convex region. ∈ U and all n sufficiently large. This in turn implies that {z n } ∞ n=1 is a Cauchy sequence with respect to the Euclidean metric, and hence a convergent sequence with respect to the Euclidean metric since the Euclidean metric is complete on U . Since the Euclidean metric and the metric d U induce the same topology on U , the sequence {z n } ∞ n=1 is also convergent with respect to d U . Concerning statement (3), let f be such a transformation. Let x and y be any two distinct points contained in U , neither equal to ∞. For x = ∞ or y = ∞, we omit the proof since it is similar but easier. We will show the existence of a real number s, y) . Let z 1 and z 2 be arbitrary points not in U . The invariance of the cross ratio (equation (4.3)) implies
Let w 1 and w 2 be such that are closed disks contained in U . A point w ∈ D 1 such that w / ∈ U would contradict the definition of w 1 as the point that maximizes
We use the notation ⊥ : X → X ⊥ and * : X → X * for the corresponding mappings. Identifying C with CP 1 , we have
If F is a Möbius IFS and f ∈ F , then its inverse f −1 is represented by the matrix
f . In a similar fashion, define f * and f − * as the Möbius transformations represented by
respectively, where * denotes the conjugate transpose matrix. The following iterated function systems related to F will be used in this section.
(1) The adjoint of the IFS F , denoted by F * , is the IFS
(2) The inverse of the IFS F is the IFS
Definition 5.1. A set R ⊂ C is said to be a repeller of the IFS F if R is the attractor of F −1 . A set A ⊂ C is said to be an adjoint attractor of the IFS F if A is the attractor of F * .
Proposition 5.2. The following diagrams commute for any Möbius transformation f and any Möbius IFS F :
Proof. To verify that the diagrams commute, it is sufficient to show that, for all x ∈ CP 1 and any Möbius transformation f , we have L
Let S( C) denote the set of all subsets of C (including the empty set). For an IFS F define the operator F : S( C) → S( C) by
for any X ∈ S( C).
Proposition 5.3. The map * is an inclusion reversing function with these properties:
(1) The following diagram commutes:
Proof. The fact that the diagrams commute is easy to verify. Concerning the second statement, since * is inclusion reversing,
, the equality coming from the commuting diagram. The definition of F then yields
Theorem 5.4. For a Möbius IFS F the following statements are equivalent.
(1) F has an attractor A = C, (2) F * has an adjoint attractor A = C , 
Moreover, if B
Concerning the second of the two conditions in the definition of an attractor, let B be an arbitrary subset contained in the basin of attraction for A of F * . With respect to the Hausdorff metric, lim k→∞ F * k (B) = A if and only if
Note that we have also shown that B A is the basin of attraction for A of F
* if and only if (B A )
⊥ is the basin of attraction for R of F −1 . The implications (3) ⇒ (1) can be obtained by replacing F by F −1 in the above arguments.
Concerning the statements about the basins of attraction, we will show that B A = C \ R; B R = C \ A is proved in exactly the same way with F −1 replacing F . We first show that B A ∩ R = ∅. Let X F be the set of repelling fixed points of F , i.e., the set of attracting fixed points of F −1 , and let
A is an open set. We claim that R = R, which would complete the proof that B A ∩ R = ∅. Concerning the claim, since R is the attractor of
To finish the proof that B A = C \ R, notice that it has already been shown that F * has an attractor A = C. According to Theorem 4.6, A is contained in a set U such that F * is a topological contractive on U . With little change to the proof of Theorem 4.6, it follows that if N is any open set containing A , then such a set U can be chosen so that U ⊂ N . So, for any > 0, let A be a compact set containing A , contained in the -neighborhood {z : d(z, w) ≤ for some w ∈ A } of A , and such that F * (A ) ⊂ int(A ). This last inclusion implies, by Proposition 5.3, that
But according to Theorem 4. Therefore
Chain-recurrence
In this section, after defining the notion of a chain-recurrent point, we prove the equivalence of statements (1) and (5) 
Now assume that F has an attractor A = C. By Theorem 5.4, the IFS F has a unique repeller R and A ∩ R = ∅. Since A and R are compact, A ∩ R = C. To finish the proof it suffices to show that R(
We will show that z is not chainrecurrent. Since z / ∈ R, by Theorem 5.4 the point z lies in the basin of attraction of A, and hence lim k→∞ F n ({z}) ∈ A. Let U ⊂ U be two open sets containing A such that inf
, by the continuity of the functions in F , an ε(k) > 0 such that every ε-chain of length k ≥ K starting at z ends in U . If there is an ε chain starting and ending at z, then there is, by repeating the chain if necessary, an ε chain starting and ending at z of length at least K. But we have shown that it cannot be the case that, for every ε, there is an ε-chain starting and ending at z of length at least K. Therefore z is not chain-recurrent. Figure 3 shows the attractor and repeller of an IFS { C; f 1 , f 2 , f 3 }, where the three attractive fixed points x 1 , x 2 , x 3 , respectively, of the three hyperbolic functions are mutually orthogonal as vectors on the Riemann sphere. The repelling fixed points x 1 , x 2 , x 3 are diametrically opposite the points x 1 , x 2 , x 3 , respectively. The contractivity factor s in (7.1) is 0.4. In Figure 4 the IFS is basically the same IFS except that s = .4e .4i (not hyperbolic).
Examples
Example 7.3. Figure 5 shows the attractor of the IFS consisting of four loxodromic functions whose attracting fixed points are located at the four vertices of a regular tetrahedron inscribed in the Riemann sphere. The repelling fixed points are located diametrically opposite the respective fixed points. The factor s = .13e .5i . 
Lorenz transformations
In addition to the three equivalent viewpoints given in section 2 regarding a Möbius transformation, there is a fourth-as a Lorentz transformation on the celestial sphere in Minkowski space. This is the perspective taken in [14, 15] , where the corresponding iterated function system is referred to as a "quantum iterated function system". 
